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ÀÍÎÒÀÖIß

Âàñèëèøèí Ñ. I. Àëãåáðè àíàëiòè÷íèõ ôóíêöié íà áàíàõîâèõ ïðîñòî-

ðàõ, ïîðîäæåíi çëi÷åííîþ ìíîæèíîþ òâiðíèõ åëåìåíòiâ. � Êâàëiôiêàöiéíà

íàóêîâà ïðàöÿ íà ïðàâàõ ðóêîïèñó.

Äèñåðòàöiÿ íà çäîáóòòÿ íàóêîâîãî ñòóïåíÿ äîêòîðà ôiëîñîôi¨ çà ñïåöi-

àëüíiñòþ 111 � Ìàòåìàòèêà. � Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò

iìåíi Âàñèëÿ Ñòåôàíèêà, Iâàíî-Ôðàíêiâñüê, 2023 � Ïðèêàðïàòñüêèé íàöiî-

íàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ Ñòåôàíèêà, Iâàíî-Ôðàíêiâñüê, 2023.

Äèñåðòàöiéíà ðîáîòà âèêîíàíà â ðàìêàõ òåîði¨ àíàëiòè÷íèõ ôóíêöié íà

áàíàõîâèõ ïðîñòîðàõ i ïðèñâÿ÷åíà äîñëiäæåííþ òîïîëîãi÷íèõ àëãåáð öiëèõ

ôóíêöié, ïîðîäæåíèõ çëi÷åííèìè ìíîæèíàìè ïîëiíîìiâ íà êîìïëåêñíèõ

áàíàõîâèõ ïðîñòîðàõ.

Òåîðiÿ àíàëiòè÷íèõ ôóíêöié íà íåñêií÷åííîâèìiðíèõ ïðîñòîðàõ ¹ îäíèì

iç îñíîâíèõ ðîçäiëiâ ñó÷àñíîãî íåëiíiéíîãî ôóíêöiîíàëüíîãî àíàëiçó. Âiäî-

ìî, ùî ñóêóïíîñòi àíàëiòè÷íèõ ôóíêöié íà íåñêií÷åííîâèìiðíèõ ïðîñòîðàõ

ó áàãàòüîõ âèïàäêàõ óòâîðþþòü àëãåáðè, ÿêi ìîæíà ïåâíèì ïðèðîäíèì ÷è-

íîì òîïîëîãiçóâàòè. Ó áàãàòüîõ ñó÷àñíèõ äîñëiäæåííÿõ âèâ÷àþòüñÿ òîïî-

ëîãi÷íi àëãåáðè àíàëiòè÷íèõ ôóíêöié íà íåñêií÷åííîâèìiðíèõ ïðîñòîðàõ òà

ñïåêòðè òàêèõ àëãåáð. Çîêðåìà, äàíîþ òåìàòèêîþ çàéìàþòüñÿ òàêi â÷åíi

ÿê Ð. Àðîí, Ï. Ãàëiíäî, Æ. Ìóõiêà, Ì. Ìàåñòðå, Ä. Ãàðñià, À. Çàãîðîäíþê,

Ò. Âàñèëèøèí, Â. Êðàâöiâ, I. ×åðíåãà òà ií.

Íåõàé X ¹ êîìïëåêñíèì áàíàõîâèì ïðîñòîðîì i H(X) ¹ àëãåáðîþ óñiõ

öiëèõ ôóíêöié íà ïðîñòîði X. Äàíà àëãåáðà ¹ ëîêàëüíî ìóëüòèïëiêàòèâíî

îïóêëîþ (ëîêàëüíî m-îïóêëîþ) âiäíîñíî òîïîëîãi¨ ðiâíîìiðíî¨ çáiæíîñòi

íà êîìïàêòíèõ ïiäìíîæèíàõ ïðîñòîðó X. Âiäîìî, ùî ÿêùî ïðîñòið X ìà¹

áàçèñ Øàóäåðà, òî ñïåêòð àëãåáðè H(X) ñêëàäà¹òüñÿ ç ôóíêöiîíàëiâ îá÷è-

ñëåííÿ çíà÷åíü â òî÷êàõ. ßê íàñëiäîê, êîæíèé ãîìîìîðôiçì àëãåáðè H(X)

ìîæå áóòè çîáðàæåíèé ÿê îïåðàòîð êîìïîçèöi¨ ç àíàëiòè÷íèì âiäîáðàæåí-

íÿì. Ó çàñòîñóâàííÿõ ÷àñòî ïîòðiáíî ìàòè ñïðàâó ç ïåâíèìè ïiäàëãåáðàìè

àëãåáðè H(X). Ïiäàëãåáðà Hb(X) àëãåáðè H(X), ÿêà ñêëàäà¹òüñÿ ç ôóí-
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êöié îáìåæåíèõ íà îáìåæåíèõ ïiäìíîæèíàõ ïðîñòîðó X (ôóíêöié îáìåæå-

íîãî òèïó), çàâæäè ¹ âëàñíîþ ïiäàëãåáðîþ, ÿêùî ïðîñòið X ¹ íåñêií÷åí-

íîâèìiðíèì. Çàóâàæèìî, ùî ïðèðîäíîþ òîïîëîãi¹þ íà àëãåáði Hb(X) ¹ òî-

ïîëîãiÿ ðiâíîìiðíî¨ çáiæíîñòi íà îáìåæåíèõ ïiäìíîæèíàõ ïðîñòîðó X. Öÿ

òîïîëîãiÿ ïîðîäæó¹òüñÿ çëi÷åííîþ ñèñòåìîþ íîðì, òîìó ¹ ìåòðèçîâíîþ.

Àëãåáðà Hb(X) iç äàíîþ òîïîëîãi¹þ ¹ àëãåáðîþ Ôðåøå. Àëãåáðà Hb(X)

äîñëiäæóâàëàñÿ áàãàòüìà àâòîðàìè, çîêðåìà Ð. Àðîíîì, Á. Êîóëîì, Ò. Ãà-

ìåëiíîì, Ï. Ãàëiíäî, Ä. Ãàðñià, Ì. Ìàåñòðå, Ò. Êîðíîì, Æ. Ìóõiêîþ, À.

Çàãîðîäíþêîì òà ií.

Ñïåêòð òà ãîìîìîðôiçìè àëãåáðè Hb(X) ìîæíà ïîâíiñòþ îïèñàòè äëÿ

ïåâíèõ áàíàõîâèõ ïðîñòîðiâ (íàïð., ÿêùî X = c0 àáî X ¹ ïðîñòîðîì Öi-

ðåëüñîíà), â òîé ÷àñ ÿê ó çàãàëüíîìó âèïàäêó ñïåêòð àëãåáðè Hb(X) ìîæå

ìàòè äóæå ñêëàäíó ñòðóêòóðó. Òàêèì ÷èíîì, ¹ ðàöiîíàëüíèì ðîçãëÿíóòè

äåÿêi ìåíøi ïiäàëãåáðè àíàëiòè÷íèõ ôóíêöié, ùîá ìàòè ìîæëèâiñòü îòðè-

ìàòè ïîâíèé i òî÷íèé îïèñ ¨õíiõ ãîìîìîðôiçìiâ. Çîêðåìà, ïðèêëàäîì òà-

êî¨ ïiäàëãåáðè ¹ àëãåáðà Ôðåøå Hbs(L∞) âñiõ öiëèõ ñèìåòðè÷íèõ ôóíêöié

îáìåæåíîãî òèïó íà êîìïëåêñíîìó áàíàõîâîìó ïðîñòîði L∞ âñiõ âèìiðíèõ

çà Ëåáåãîì ñóòò¹âî îáìåæåíèõ ôóíêöié íà âiäðiçêó [0, 1], äëÿ ÿêî¨ â ðîáîòàõ

Ò. Âàñèëèøèíà, Ï. Ãàëiíäî òà À. Çàãîðîäíþêà çäiéñíåíî ïîâíèé îïèñ ñïå-

êòðà i çîáðàæåíî äàíó àëãåáðó ÿê àëãåáðó àíàëiòè÷íèõ ôóíêöié íà ñïåêòði.

Çàóâàæèìî, ùî äëÿ îïèñó ñïåêòðà àëãåáðèHbs(L∞) ñóòò¹âî âèêîðèñòîâóâà-

ëàñÿ íàÿâíiñòü çëi÷åííîãî àëãåáðà¨÷íîãî áàçèñó â àëãåáði âñiõ íåïåðåðâíèõ

ñèìåòðè÷íèõ ïîëiíîìiâ íà ïðîñòîði L∞, ÿêà ¹ ùiëüíîþ ïiäàëãåáðîþ àëãå-

áðè Hbs(L∞). Iíøèìè ñëîâàìè, âèêîðèñòàíî òîé ôàêò, ùî àëãåáðà Hbs(L∞)

ïîðîäæåíà çëi÷åííîþ ìíîæèíîþ îäíîðiäíèõ ïîëiíîìiâ. Äàíà âëàñòèâiñòü

¹ òèïîâîþ i äëÿ áàãàòüîõ iíøèõ àëãåáð àíàëiòè÷íèõ ôóíêöié, ÿêi ¹ iíâà-

ðiàíòíèìè (ñèìåòðè÷íèìè) âiäíîñíî ãðóïè àáî íàïiâãðóïè îïåðàòîðiâ íà

êîìïëåêñíèõ áàíàõîâèõ ïðîñòîðàõ. Çîêðåìà, àëãåáðè öiëèõ ñèìåòðè÷íèõ

(âiäíîñíî ãðóïè ïåðåñòàíîâîê áàçèñíèõ âåêòîðiâ) ôóíêöié îáìåæåíîãî òèïó

íà êîìïëåêñíèõ áàíàõîâèõ ïðîñòîðàõ ℓp òàêîæ ¹ ïîðîäæåíèìè çëi÷åííèìè
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ñèñòåìàìè îäíîðiäíèõ ïîëiíîìiâ.

Ó ðîáîòàõ Ð. Àëåíêàðà, Ð. Àðîíà, Ï. Ãàëiíäî, À. Çàãîðîäíþêà, Ä. Ïi-

íàñêî òà I. Çàëäóåíäî äîñëiäæóâàëèñÿ àëãåáðè ñèìåòðè÷íèõ àíàëiòè÷íèõ

ôóíêöié íà ïðîñòîðàõ ℓp. Öi äîñëiäæåííÿ áóëè ïðîäîâæåíi ó ðîáîòàõ À.

Çàãîðîäíþêà, Ï. Ãàëiíäî òà I. ×åðíåãè. Òàêîæ ðåçóëüòàòè ó öüîìó íàïðÿì-

êó äëÿ ðiçíèõ ïiäàëãåáð áóëè îòðèìàíi ó ðîáîòàõ Ð. Àðîíà, Æ. Ôàëüêî, Ä.

Ãàðñià, Ì. Ìàåñòðå, À. Çàãîðîäíþêà, Ò. Âàñèëèøèíà, I. ×åðíåãè, Â. Êðàâ-

öiâ, À. Áàíäóðè, Ô. Äæàâàä.

ßê áóëî çàçíà÷åíî âèùå, ó áàãàòüîõ âèïàäêàõ àëãåáðè ñèìåòðè÷íèõ

àíàëiòè÷íèõ ôóíêöié âiäíîñíî ãðóïè ñèìåòðié ¹ ïîðîäæåíi çëi÷åííîþ ìíî-

æèíîþ îäíîðiäíèõ ïîëiíîìiâ. Òîìó ¹ ñåíñ âèâ÷àòè àëãåáðè, ïîðîäæåíi ïî-

ñëiäîâíiñòþ àëãåáðà¨÷íî íåçàëåæíèõ ïîëiíîìiâ (çëi÷åííî ïîðîäæåíi àëãå-

áðè) ó çàãàëüíîìó âèïàäêó. Ó äèñåðòàöiéíié ðîáîòi ïðîäîâæåíî öi äîñëi-

äæåííÿ äëÿ äîâiëüíèõ çëi÷åííî ïîðîäæåíèõ àëãåáð àíàëiòè÷íèõ ôóíêöié

íà êîìïëåêñíèõ áàíàõîâèõ ïðîñòîðàõ.

Îñíîâíèì çàâäàííÿì äèñåðòàöiéíîãî äîñëiäæåííÿ ¹ âèâ÷åííÿ âëàñòè-

âîñòåé àëãåáð öiëèõ ôóíêöié, ïîðîäæåíèõ çëi÷åííèìè ìíîæèíàìè àëãåáðà-

¨÷íî íåçàëåæíèõ ïîëiíîìiâ íà áàíàõîâèõ ïðîñòîðàõ, çîêðåìà îïèñ ñïåêòðiâ

òàêèõ àëãåáð òà äîñëiäæåííÿ ¨õ ñòðóêòóðè, âñòàíîâëåííÿ óìîâ çà ÿêèõ äàíi

àëãåáðè ¹ içîìîðôíèìè.

Äèñåðòàöiÿ ñêëàäà¹òüñÿ ç àíîòàöi¨, âñòóïó, ï'ÿòè ðîçäiëiâ, âèñíîâêiâ

äî ðîçäiëiâ i çàãàëüíèõ âèñíîâêiâ, ñïèñêó âèêîðèñòàíèõ äæåðåë òà îäíîãî

äîäàòêó, ÿêèé ìiñòèòü ñïèñîê ïóáëiêàöié àâòîðà òà âiäîìîñòi ïðî àïðîáàöiþ

ðåçóëüòàòiâ äèñåðòàöi¨.

Ó âñòóïi îá ðóíòîâàíî àêòóàëüíiñòü òåìè äèñåðòàöiéíîãî äîñëiäæåííÿ,

âñòàíîâëåíî çâ'ÿçîê äîñëiäæåííÿ ç íàóêîâî-äîñëiäíèìè ðîáîòàìè òà ïðî¹-

êòàìè, ñôîðìóëüîâàíî ìåòó, çàäà÷i, îá'¹êò, ïðåäìåò òà ìåòîäè äîñëiäæåííÿ,

çàçíà÷åíî íàóêîâó íîâèçíó, ïðàêòè÷íå çíà÷åííÿ îòðèìàíèõ ðåçóëüòàòiâ òà

îñîáèñòèé âíåñîê çäîáóâà÷à, òàêîæ çàçíà÷åíî, äå îïóáëiêîâàíî i äå áóëî

àïðîáîâàíî ðåçóëüòàòè äèñåðòàöiéíîãî äîñëiäæåííÿ.
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Ïåðøèé ðîçäië ïðèñâÿ÷åíî îãëÿäó ëiòåðàòóðè çà òåìîþ äèñåðòàöiéíîãî

äîñëiäæåííÿ òà âèêëàäåííþ íåîáõiäíîãî òåîðåòè÷íîãî ìàòåðiàëó.

Äðóãèé ðîçäië ïðèñâÿ÷åíî äîñëiäæåííþ âëàñòèâîñòåé òîïîëîãi÷íèõ

àëãåáð àíàëiòè÷íèõ ôóíêöié, ïîðîäæåíèõ çëi÷åííèìè ìíîæèíàìè ïîëiíî-

ìiâ íà êîìïëåêñíèõ áàíàõîâèõ ïðîñòîðàõ.

Ó ïiäðîçäiëi 2.1 óçàãàëüíåíî òåîðåìó ïðî îá÷èñëåííÿ ðàäióñ-ôóíêöi¨

ëiíiéíîãî ôóíêöiîíàëà äëÿ ïiäàëãåáðè àëãåáðè Ôðåøå âñiõ öiëèõ ôóíêöié

îáìåæåíîãîãî òèïó Hb(X) íà êîìïëåêñíîìó áàíàõîâîìó ïðîñòîði X, ÿêà

ìà¹ íàñòóïíó âëàñòèâiñòü: äëÿ êîæíî¨ ôóíêöi¨, ÿêà íàëåæèòü öié ïiäàëãå-

áði, óñi ÷ëåíè ¨¨ ðÿäó Òåéëîðà òåæ íàëåæàòü ïiäàëãåáði.

Ó ïiäðîçäiëi 2.2 ðîçãëÿíóòî ïiäàëãåáðó HbP(X) àëãåáðè Ôðåøå öiëèõ

ôóíêöié îáìåæåíîãî òèïó Hb(X), ïîðîäæåíó çëi÷åííîþ ìíîæèíîþ àëãå-

áðà¨÷íî íåçàëåæíèõ îäíîðiäíèõ ïîëiíîìiâ P. Äîâåäåíî, ùî äàíà àëãåáðà

¹ àëãåáðîþ Ôðåøå i ùî êîæåí ÷ëåí ðîçêëàäó ó ðÿä Òåéëîðà ôóíêöi¨, ùî

íàëåæèòü àëãåáði HbP(X), ¹ àëãåáðà¨÷íîþ êîìáiíàöi¹þ åëåìåíòiâ ìíîæèíè

P. Ïîêàçàíî, ùî êîæíèé íåòðèâiàëüíèé íåïåðåðâíèé ëiíiéíèé ìóëüòèïëiêà-
òèâíèé ôóíêöiîíàë φ, ùî äi¹ ç àëãåáðè HbP(X) ó ìíîæèíó C, îäíîçíà÷íî
âèçíà÷à¹òüñÿ ïîñëiäîâíiñòþ (φ(P1), φ(P2), . . . , φ(Pn), . . .) ñâî¨õ çíà÷åíü íà

åëåìåíòàõ ìíîæèíè P. Òàêèì ÷èíîì, iñíó¹ ái¹êöiÿ ìiæ ñïåêòðîì (ìíîæè-

íîþ óñiõ íåòðèâiàëüíèõ íåïåðåðâíèõ ëiíiéíèõ ìóëüòèïëiêàòèâíèõ ôóíêöiî-

íàëiâ) àëãåáðè HbP(X) i äåÿêîþ ìíîæèíîþ ïîñëiäîâíîñòåé êîìïëåêñíèõ

÷èñåë. Äîâåäåíî âåðõíþ îöiíêó äëÿ ïîñëiäîâíîñòåé iç öi¹¨ ìíîæèíè.

Ó ïiäðîçäiëi 2.3 ðîçãëÿíóòî çàãàëüíèé êëàñ àëãåáð, ïîðîäæåíèõ ïî-

ñëiäîâíîñòÿìè îäíîðiäíèõ ïîëiíîìiâ. Äîñëiäæåíî óìîâè, çà ÿêèõ äâi òàêi

àëãåáðè ¹ içîìîðôíèìè òà ïîáóäîâàíî äåêiëüêà ïðèêëàäiâ ðiçíèõ çëi÷åííî

ïîðîäæåíèõ àëãåáð.

Òðåòié ðîçäië ïðèñâÿ÷åíî äîñëiäæåííþ ñïåêòðiâ àëãåáð öiëèõ ôóíêöié

îáìåæåíîãî òèïó, ïîðîäæåíèõ çëi÷åííèìè ìíîæèíàìè ïîëiíîìiâ íà äåÿêèõ

ïðîñòîðàõ ïîñëiäîâíîñòåé.

Ó ïiäðîçäiëi 3.1 îïèñàíî ñïåêòð àëãåáðè Ôðåøå âñiõ êîìïëåêñíîçíà-
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÷íèõ öiëèõ àíàëiòè÷íèõ ôóíêöié îáìåæåíîãî òèïó, ïîðîäæåíî¨ ïîñëiäîâíi-

ñòþ ïîëiíîìiâ äåÿêîãî ñïåöiàëüíîãî âèãëÿäó íà êîìïëåêñíîìó áàíàõîâîìó

ïðîñòîði, ÿêèé ¹ çàìêíåíèì ïiäïðîñòîðîì ïðîñòîðó ℓ∞ óñiõ îáìåæåíèõ ïî-

ñëiäîâíîñòåé x = (x1, x2, . . .) êîìïëåêñíèõ ÷èñåë ç íîðìîþ ∥x∥ = supi∈N |xi|
i ìiñòèòü ïðîñòið c00 âñiõ ôiíiòíèõ ïîñëiäîâíîñòåé x = (x1, x2, . . . , xn, 0, . . .)

êîìïëåêñíèõ ÷èñåë.

Ïiäðîçäië 3.2 ïðèñâÿ÷åíî äîñëiäæåííþ ñïåêòðà àëãåáðè Ôðåøå âñiõ

êîìïëåêñíîçíà÷íèõ öiëèõ àíàëiòè÷íèõ ôóíêöié îáìåæåíîãî òèïó, ïîðî-

äæåíî¨ ïîñëiäîâíiñòþ ïîëiíîìiâ äåÿêîãî ñïåöiàëüíîãî âèãëÿäó íà êîìïëå-

êñíîìó áàíàõîâîìó ïðîñòîði ℓ1. Ó äàíîìó ïiäðîçäiëi òàêîæ ðîçãëÿíóòî

ïîâ'ÿçàíó ç îïèñîì ñïåêòðà çàäà÷ó ïðîäîâæåííÿ ôóíêöié iç öi¹¨ àëãåáðè

íà ïîñëiäîâíîñòi, ÿêi íå íàëåæàòü ïðîñòîðó ℓ1. Òàêîæ ïîáóäîâàíî ïðè-

êëàä ôóíêöi¨, ÿêà íàëåæèòü äàíié àëãåáði i ¹ äîáðå âèçíà÷åíîþ íà åëåìåíòi

x0 = (1, 1/2, . . . , 1/n, . . .), àëå íå ìîæå áóòè ïðîäîâæåíîþ äî àíàëiòè÷íî¨

ôóíêöi¨ îáìåæåíîãî òèïó íà ïðîñòîðàõ ℓp, äå 1 < p <∞.

Ó ïiäðîçäiëi 3.3 ðîçãëÿíóòî äåÿêi îïåðàöi¨ çñóâó, ÿêi çäiéñíþþòüñÿ íà

ñïåêòði àëãåáðè Ôðåøå öiëèõ ôóíêöié îáìåæåíîãî òèïó, ïîðîäæåíî¨ ïîñëi-

äîâíiñòþ ïîëiíîìiâ äåÿêîãî ñïåöiàëüíîãî âèãëÿäó íà êîìïëåêñíîìó áàíà-

õîâîìó ïðîñòîði ℓp, äå 1 ≤ p ≤ ∞.

×åòâåðòèé ðîçäië ïðèñâÿ÷åíî äîñëiäæåííþ óìîâ içîìîðôiçìó òîïî-

ëîãi÷íèõ àëãåáð öiëèõ ôóíêöié îáìåæåíîãî òèïó, ïîðîäæåíèõ çëi÷åííèìè

ìíîæèíàìè ïîëiíîìiâ íà êîìïëåêñíèõ áàíàõîâèõ ïðîñòîðàõ.

Ó ïiäðîçäiëi 4.1 âñòàíîâëåíî óìîâè iñíóâàííÿ içîìîðôiçìó àëãåáð Ôðå-

øå öiëèõ ôóíêöié îáìåæåíîãî òèïó, ïîðîäæåíèõ ïîñëiäîâíîñòÿìè íåïå-

ðåðâíèõ àëãåáðà¨÷íî íåçàëåæíèõ îäíîðiäíèõ ïîëiíîìiâ ñòåïåíÿ n ç îäè-

íè÷íèìè íîðìàìè íà êîìïëåêñíèõ áàíàõîâèõ ïðîñòîðàõ.

Ó ïiäðîçäiëi 4.2 ïðåäñòàâëåíî äåÿêi çàñòîñóâàííÿ äëÿ àëãåáð ñèìåòðè-

÷íèõ àíàëiòè÷íèõ ôóíêöié îáìåæåíîãî òèïó. Çîêðåìà, ðîçãëÿíóòî àëãåáðó

Hbs(L∞) öiëèõ ôóíêöié îáìåæåíîãî òèïó íà L∞, ÿêi ¹ ñèìåòðè÷íèìè, òîá-

òî iíâàðiàíòíèìè âiäíîñíî âèìiðíèõ ái¹êöié âiäðiçêà [0, 1], ùî çáåðiãàþòü
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ìiðó, äå L∞ ¹ êîìïëåêñíèì áàíàõîâèì ïðîñòîðîì óñiõ âèìiðíèõ çà Ëåáåãîì

ñóòò¹âî îáìåæåíèõ êîìïëåêñíîçíà÷íèõ ôóíêöié x íà âiäðiçêó [0, 1] ç íîð-

ìîþ ||x||∞ = ess supt∈[0,1]|x(t)|. Ìè äîâîäèìî, ùî àëãåáðà Hbs(L∞) ¹ içîìîð-

ôíîþ äî àëãåáðè óñiõ öiëèõ ôóíêöié îáìåæåíîãî òèïó, ïîðîäæåíî¨ äåÿêîþ

çëi÷åííîþ ìíîæèíîþ îäíîðiäíèõ ïîëiíîìiâ íà êîìïëåêñíîìó áàíàõîâîìó

ïðîñòîði ℓ∞.

Ï'ÿòèé ðîçäië ïðèñâÿ÷åíî äîñëiäæåííþ àëãåáðà¨÷íèõ áàçèñiâ àëãåáðè

ïîëiíîìiâ, ïîðîäæåíî¨ çëi÷åííîþ ìíîæèíîþ òâiðíèõ åëåìåíòiâ.

Ó ïiäðîçäiëi 5.1 ðîçãëÿíóòî àëãåáðó ïîëiíîìiâ, ÿêi ¹ àëãåáðà¨÷íèìè

êîìáiíàöiÿìè åëåìåíòiâ ìíîæèíè P. Äîñëiäæåíî ÿêi àëãåáðà¨÷íi áàçèñè

iñíóþòü ó äàíié àëãåáði i ó ÿêîìó âèãëÿäi ¨õ ìîæíà ïîäàòè.

Ó ïiäðîçäiëi 5.2 âñòàíîâëåíî îöiíêó äëÿ êîåôiöi¹íòiâ ôóíêöié, ùî íàëå-

æàòü àëãåáði HbP(ℓp), äå 1 ≤ p <∞, äëÿ ïåâíîãî âèäó ïîëiíîìiâ P. Òàêîæ
ïîáóäîâàíî ïðèêëàä çëi÷åííî ïîðîäæåíî¨ àëãåáðè, ó ÿêié âñi àëãåáðà¨÷íi

áàçèñè îäíîðiäíèõ ïîëiíîìiâ ¹ åêâiâàëåíòíèìè.

Êëþ÷îâi ñëîâà: ïîëiíîì íà íåñêií÷åííîâèìiðíîìó ïðîñòîði, îäíîði-

äíèé ïîëiíîì, ñèìåòðè÷íèé ïîëiíîì, çáiæíiñòü, ðiâíîìiðíà çáiæíiñòü, àíà-

ëiòèíà ôóíêöiÿ êiëüêîõ êîìïëåêñíèõ çìiííèõ, àíàëiòè÷íà ôóíêöiÿ íà áàíà-

õîâîìó ïðîñòîði, ñèìåòðè÷íà àíàëiòè÷íà ôóíêöiÿ íà áàíàõîâîìó ïðîñòîði,

öiëà ôóíêöiÿ, àëãåáðà, àëãåáðà Ôðåøå, ñïåêòð àëãåáðè, àëãåáðà¨÷íèé áàçèñ,

ôóíêöiÿ îáìåæåíîãî òèïó, içîìîðôiçì àëãåáð.
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ABSTRACT

Vasylyshyn S. I. Algebras of analytic functions on Banach spaces generated

by a countable set of generating elements. � Qualifying scienti�c work on rights

of manuscript.

The thesis for obtaining the Philosophy Doctor Degree in Mathematics,

speciality 111 � Mathematics. � Vasyl Stefanyk Precarpathian National Uni-

versity. � Vasyl Stefanyk Precarpathian National University, Ivano-Frankivsk,

2023.

The thesis is ful�lled within the theory of analytic functions on Banach

spaces and is devoted to the study of topological algebras of entire functions

generated by countable sets of polynomials on complex Banach spaces.

The theory of analytic functions is one of the main sections of modern

nonlinear functional analysis. It is known that in many cases the sets of analytic

functions on in�nite dimensional spaces have the structure of algebras. These

algebras can be topologized in some natural way. In many modern investigati-

ons topological algebras of analytic functions and spectra of such algebras are

studied. In particular, in this �eld work such scientists as R. Aron, P. Galindo,

J. Mujica, M. Maestre, D. Garcia, A. Zagorodnyuk, T. Vasylyshyn, V. Kravtsiv,

I. Chernega and others.

Let X be a complex Banach space and H(X) be the algebra of all enti-

re functions on the space X. This algebra is locally multiplicatively convex

(locally m-convex) with respect to the topology of the uniform convergence

on compact subsets of the space X. It is known that if the space X has a

Schauder basis, the spectrum of the algebraH(X) consists of the point evaluati-

on functionals. Consequently, every homomorphism of the algebra H(X) can

be represented as a composition operator with an analytic map. In applications

we often have to deal with some particular subalgebras of the algebra H(X).

The subalgebra Hb(X) of the algebra H(X) comprising of functions which

are bounded on bounded subsets of the space X (functions of bounded type),

is always the proper subalgebra if the space X is in�nite dimensional. Note
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that the natural topology on the algebra Hb(X) is the topology of uniform

convergence on the bounded subsets of the space X. This topology is generated

by the countable set of norms, therefore it is metrizable. The algebra Hb(X)

endowed with this topology is the Fr�echet algebra. The algebra Hb(X) was

studied by many authors, in particular, by R. Aron, B. Cole, T. Gamelin, P.

Galindo, D. Garcia, M. Maestre, T. Carne, J. Mujica, A. Zagorodnyuk and

others.

Spectrum and homomorphisms of the algebra Hb(X) can be explicitly

described for some special cases of Banach spaces (e.g. if X = c0 or X is

the Tsirelson space), while in the general case, the spectrum of the algebra

Hb(X)may have a very complicated structure. Thus, it is reasonable to consider

some smaller subalgebras of analytic functions to get a chance for a complete

and explicit description of their homomorphisms. In particular, the example

of such subalgebra is the Fr�echet algebra Hbs(L∞) of all entire symmetric

functions of bounded type on the complex Banach space L∞ of all Lebesgue

measurable essentially bounded functions on the segment [0, 1]. The spectrum

of this algebra is described completely and this algebra is represented as the

algebra of analytic functions on the spectrum by T. Vasylyshyn, P. Galindo

and A. Zagorodnyuk. Note that the existence of the countable algebraic basis

in the algebra of all continuous symmetric polynomials on the space L∞, whi-

ch is a dense subalgebra of the algebra Hbs(L∞), played an important role in

the description of the spectrum of the algebra Hbs(L∞). In other words, it was

used the fact that the algebra Hbs(L∞) is generated by the countable set of

homogeneous polynomials. This property is typical for many other algebras of

analytic functions that are invariant (symmetric) with respect to the group or

semigroup of operators on complex Banach spaces. In particular, the algebras

of entire symmetric (with respect to the group of permutations of basis vectors)

functions of bounded type on the complex Banach spaces ℓp are also generated

by countable sets of homogeneous polynomials. Algebras of symmetric analytic

functions on the spaces ℓp were investigated by R. Alencar, R. Aron, P. Galindo,
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A. Zagorodnyuk, D. Pinasco and I. Zalduendo. These investigations were conti-

nued in the papers of A. Zagorodnyuk, P. Galindo and I. Chernega. Also results

in this �eld for di�erent subalgebras were obtained by R. Aron, J. Falc�o, D.

Garcia, M. Maestre, A. Zagorodnyuk, T. Vasylyshyn, I. Chernega, V. Kravtsiv,

A. Bandura, F. Jawad.

As it was mentioned above, in many cases algebras of symmetric analytic

functions with respect to a group of symmetry are generated by the countable

set of homogeneous polynomials. Therefore it is reasonable to study algebras,

generated by sequences of algebraically independent polynomials (countably

generated algebras) in general case. In the thesis these investigations are conti-

nued for arbitrary countably generated algebras of analytic functions on complex

Banach spaces.

The main task of the dissertation research is to study the properties of

algebras of entire functions generated by countable sets of algebraically inde-

pendent polynomials on Banach spaces, in particular, to describe spectra of

such algebras and investigate their structures, to study conditions under which

the given algebras are isomorphic.

The thesis consists of an abstract, introduction, �ve sections, conclusi-

ons for each section and general conclusions, bibliography, and appendix that

contains the list of author's publications and information about the approbation

of the results of research.

The introduction outlines relevance of the research topics, the connecti-

on of the thesis with research programs and projects, formulates the purpose,

tasks, object, subject and methods of research, notes the scienti�c novelty and

the practical signi�cance of the obtained results, points out the personal contri-

bution of the author and also where the results of the thesis have been published

and discussed.

The �rst section is devoted to the literature review on the topic of the

thesis and to the introduction of the necessary theoretical background.

The second section is devoted to the investigation of the properties of
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topological algebras of analytic functions generated by countable sets of polynomi-

als on complex Banach spaces.

In the subsection 2.1 we generalise the theorem for computing the radius

function of a linear functional on case of the subalgebra of the Fr�echet algebra

of entire functions of bounded type Hb(X) on a complex Banach space X that

has the following property: for every function belonging to this subalgebra each

term of the Taylor series also belongs to the subalgebra.

In the subsection 2.2 we consider the subalgebra HbP(X) of the Fr�echet

algebra of entire functions of bounded type Hb(X) generated by the countable

set of algebraically independent homogeneous polynomials P. It is proved that
the given algebra is the Fr�echet algebra and that every term of the Taylor

series expansion of entire function which belongs to the algebra HbP(X), is

an algebraic combination of the elements of the set P. It is shown that every

continuous linear multiplicative functional φ acting from HbP(X) to C is uni-

quely determined by the sequence (φ(P1), φ(P2), . . . , φ(Pn), . . .) of its values

on elements of P. Consequently, there is a bijection between the spectrum (the

set of all nontrivial continuous linear multiplicative functionals) of the algebra

HbP(X) and some set of sequences of complex numbers. We prove the upper

estimate for sequences from this set.

In the subsection 2.3 we consider the general case of algebras, generated

by sequences of homogeneous polynomials. We found some conditions when

two such algebras are isomorphic and constructed a lot of examples of di�erent

countably generated algebras.

The third section is devoted to the study of spectra of algebras of entire

functions of bounded type, generated by countable sets of polynomials on some

sequence spaces.

In the subsection 3.1 we investigate the spectrum of the Fr�echet algebra of

all complex-valued entire analytic functions of bounded type generated by the

sequence of polynomials of some special form on a complex Banach space that

is a closed subspace of the space ℓ∞ of all bounded sequences x = (x1, x2, . . .)
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of complex numbers with the norm ∥x∥ = supi∈N |xi| and contains the space c00
of all eventually zero sequences x = (x1, x2, . . . , xn, 0, . . .) of complex numbers.

The subsection 3.2 is devoted to the study of the spectrum of the Fr�echet

algebra of all complex-valued entire analytic functions of bounded type generated

by the sequence of polynomials of some special form on the complex Banach

space ℓ1. In the given subsection it is also considered the problem of extension

of the functions that are the elements of this algebra to the sequences that do

not belong to the space ℓ1, which is related to the problem of the description of

the spectrum. It is also constructed an example of the function that belongs to

the given algebra and is well de�ned on the element x0 = (1, 1/2, . . . , 1/n, . . .),

but cannot be extended to the analytic function of bounded type on the spaces

ℓp, where 1 < p <∞.

The subsection 3.3 is devoted to the study of the shift type operations

that can be performed on the spectrum of the Fr�echet algebra of entire analytic

functions of bounded type generated by the sequence of polynomials of some

special form on the complex Banach space ℓp, where 1 ≤ p ≤ ∞.

The fourth section is devoted to the investigation of conditions of an

isomorphism of topological algebras of entire analytic functions of bounded type

generated by the countable sets of polynomials on complex Banach spaces.

In the subsection 4.1 we investigate conditions of existence of the isomorphi-

sm of the Fr�echet algebras of entire functions of bounded type generated by the

sequences of continuous algebraically independent homogeneous polynomials of

the degree n with norm one on complex Banach spaces.

In the subsection 4.2 we present some applications for algebras of symmetric

analytic functions of bounded type. In particular, we consider the subalgebra

Hbs(L∞) of entire functions of bounded type on L∞ which are symmetric,

i.e. invariant with respect to measurable bijections of [0, 1] that preserve the

measure, where L∞ is the complex Banach space of all Lebesgue measured

essentially bounded complex-valued functions x on the segment [0, 1] with the

norm ||x||∞ = ess supt∈[0,1]|x(t)|. We prove that Hbs(L∞) is isomorphic to the
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algebra of all entire functions of bounded type, generated by a countable set of

homogeneous polynomials on the complex Banach space ℓ∞.

The �fth section is devoted to the investigation of the algebraic bases of

the algebra of polynomials, generated by a countable set of generating elements.

In the subsection 5.1 we consider the countable set P of continuous algebrai-
cally independent complex-valued n-homogeneous polynomials with unit norms

on a complex Banach space X and the algebra PP(X) of all polynomials whi-

ch are algebraic combinations of elements of the set P. We investigate what

algebraic bases exist in the algebra PP(X) and in what form they can be

represented.

In the subsection 5.2 we establish the estimate for the coe�cients of functi-

ons that belong to the algebra HbP(ℓp) of entire functions of bounded type

generated by the sequence of polynomials of some special form P on the complex

Banach space ℓp of all sequences x = (x1, x2, . . .) of complex numbers for whi-

ch the series
∑∞

i=1 |xi|p is convergent with the norm ∥x∥ =
(∑∞

i=1 |xi|p
)1/p

,

where 1 ≤ p < ∞. In this subsection we also construct a countably generated

algebra, where all normalized algebraic bases of homogeneous polynomials are

equivalent.

Key words: polynomial on in�nite dimensional space, homogeneous polynomi-

al, symmetric polynomial, convergence, uniform convergence, analytic function

on several complex variables, analytic function on a Banach space, symmetric

analytic function on a Banach space, entire function, algebra, Fr�echet algebra,

spectrum of an algebra, algebraic basis, function of a bounded type, isomorphi-

sm of algebras.
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