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Yon'tok IO. FO. AHaAI3 B KIABIIIX MYABTUMHOKWH, IIOPOAYKEHUX aATe-
6paMu CynepCUMETPUYHHX MTOAIHOMIB Ha 6aHAaXOBUX IIpocTopax. — KBaai-
¢dikalifiHa HayKoBa Ipalid Ha MMpaBax PYKOIIKUCY.

AMcepTallis Ha 3A00yTTS CTyIleHs AOKTOopa ¢irocodii 3a creriaabHi-
ctio 111 — MartemaTtnka. — [IpukapnaTcbKuii HalllOHAABHUM YHIBEPCUTET
imeHi Bacuasa Credanuka, IBanHo-®paHKiBChbK, 2025. — IIpukapnaTcbKui
HallilOHAAbHUM yHiBepcuTeT iMeHi Bacuasa CtedpaHuka, IBaHO-PPpaHKIBCHK,
2025.

AwmceprariitHa po60oTa BUKOHaHa B paMKaX TeOPil CAMETPUYHUX ITOAi-
HOMIiB Ha 6@aHAaXOBHX IIPOCTOPAX i MMPUCBSYEHA AOCAIAKEHHIO KiAellb MYABTH-
MHO>KHH, TIOPOAKEHUX aATeOpaMH CYTIEPCUMETPUIHIX Ta (W;,-CUMETPUIHUX
ITOAIHOMIB Ha 6aHAaXOBUX IIPOCTOPAX.

AOCAIAKEHHSI CHMETPUYHHX ITOATHOMIB Ha 6aHAXOBUX ITPOCTOpPAX Ha-
O6yAYM 3HAYHOTO PO3BUTKY 3aBASKH IpaIlsIM 6araTb0X MaTeMaTHKiB, 30KpeMa
A. Hemuposcekoro, C. CemeHoBa, P ApoHa, I1. laAiHpA0, A. 3aropopHIoKa, L.
Yepnuern, T. Bacuaniuna, C. Bacuaniuug, ®. AykaBaa, B. KpasiiiB Ta iHIIuX.
OAHHM 13 KAIOYOBUX ACIEKTIB IIbOTO HAIPSIMY € BUBUYEHHSA CIIEKTPAABHUX
BAACTHUBOCTEH aATeOp CUMETPUYHHUX aHAAITUYHUX QYHKIIH Ta iX 3B’A30K i3
rpynamu cumetpii. CTpyKTypa CcrieKTpa aAreOpyu CHMETPUYHUX aHAAITHIYHUX
OYHKIT#H 3HAYHOIO MipOIO 3aA€KHUTH SIK Bia BUOOPY IIPOCTOPY, TaK i Bia BAa-
CTHUBOCTeH rpynu abo HaIMiBrpymy CUMETPII 110 AiFOTb Ha IIbOMY ITPOCTOPI.
Lleif pe3yAbTaT 0COOAMBO BAYKAUBHM, OCKIABKH BiH A€MOHCTDYE, III0 AAS
pi3HHMX KAacCiB 6aHAXOBUX IIPOCTOPIB iCHYIOTH IIPUHIIUIIOBO BiAMiHHI ITIAXOAT
AO OTIMCYy CUMETPUYHUX aHAAITUYHUX PYHKITi.

Aast mpoctopis €, (ae 1 < p < 00) CTPYKTypa CIEeKTpa 3HaYHO CKAA-
AHiIlIa. ¥ IIbOMY BHUIIQAKY TpyIa cUMeTpii pOpMyeThCsl IlepecTaHOBKaMU

KOOpAHUHAT BeKTOpiB, 10 IMMPpHU3BOAUTH AO PO3IMIUPEHHA CIIEKTPAABHUX BAA-



CTUBOCTell aAreO6p CUMETPHUYHHUX aHAAITHYHMX QYHKIIIH. SIK IOKasaHO y
AocAipKeHHAX 1. UepHern, [1. TaaiHAO Ta A. 3arOPOAHIOKA, CIIEKTP TAKUX
IIPOCTOPIB MiCTUTh He AUllle QYHKIIIOHAAU 3HAYeHb Y TOYKaX, a 1 AOAATKOBI
CTPYKTYPHi eAeMeHTH, sIKi MOKHA OXapaKTepU3yBaTH dYepe3 aAreOpaivuHi
orepariii Ta ix BAACTUBOCTi. A. 3arOPOAHIOKOM Ta iHIITUMHU 6YAO BCTAHOBAEHO,
IO Ha CIIEKTPi aATe6p y ITUX IIPOCTOPaX MOKHA MPUPOAHO BBECTH CTPYKTYPY
KOMYTaTHBHOTO HAIiBKIABIIS 3 OAMHHIIEIO. Taka CTpyKTypa 3abe3nedye HOBi
METOAU aHAAI3y CUMETPUUYHHUX MMOAIHOMIB, PO3IIMPIOIOYH 1X 3aCTOCYBAHHSA y
(YHKIIOHAABHOMY aHaAi3i.

B pamMKax AOCAIA’KEHHS BAACTUBOCTEH OaHAXOBUX IIPOCTOPIB BAYKAH-
BOIO € ITpo6AEMA OMHUCY CTPYKTYPH SA€P KBaApPaTHYHUX QYHKITIOHAAIB. T.
Banax, A. ITaiuko Ta A. 3arOpOAHIOK AOCAIAWAY MIUTAHHSA PO HYAI KBappa-
TUYHUX QYHKIIOHAAIB Ha HecemapabeAbHUX IPOCTOPax.

Ba)KAMBUMU aclieKTaMU AUCEPTALIMHOTO AOCAIAKEHHSA € BCTAHOBAE-
HHSA ToMOMOpPdi3MiB Ta i30MOpPpi3MiB MidK AOCAIAKYBAHUMU KiAbLIEBUMHU
CTPYKTYPaMHU Ta BIAOMHUMH KAACUYHUMHU KiABI[SIMH. PO60OTa TaKOK Ma€ Ha
METI IHTerparlilo OTpPUMaHUX PE3YABTATIB y IMOTEHI[IHI 3aCTOCYBaHHA B KPU-
nrorpadii.

AvicepTalis CKAAAA€TBCA 31 BCTYIY, I'SITH PO3AiAIB, BACHOBKIB AO KO-
JKHOTO PO3ALAY, 3araAbHUX BHUCHOBKIB, CIIUCKY BUKOPDUCTaHUX AKEPEA Ta
AOAATKY, IKU MICTHTB CIIMCOK ITyOAiKallili aBTOpa Ta BiAOMOCTI IIpo ampoba-
11110 PE3YABTATIB AMCEepTAallil.

V BTy OOI'PYHTOBAHO aKTyaAbHICTb TEMH AMCEPTAIiHHOTO AOCAIAKe-
HHS Ta BU3HAYEHO ii 3B’A30K i3 HAYKOBO-AOCAIAHUME POOOTaMHU i TPOEKTAMH,
BU3HAYEHO OO’EKT i MPEAMET AOCAIAKEHHSI, ChOPMYABOBAHO METY i 3aBAAH-
Hs1, OKPECAEHO METOAU AOCAIAKEHHA. OKpeMO BUAIACHO HAYKOBY HOBU3HY,
IIPaKTUYHY I[iHHICTh OTPUMAaHUX PE3YABTATiB Ta OCOOUCTHI BHECOK aBTOpA.
HamnpuKiHIli HaBeAeHO iHpopMallilo mpo mybAikallii Ta armpooaillilo OCHOBHHX

PE3YABTaTiB AMCEPTaLiiHOI pOOOTH.
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VY nepuioMy po3aiai 3AIMCHEHO OTASIA AlT€paTypy Ta BUKAAACHO TEO-
PETUYHI OCHOBH AOCAIAKEHHsI. 30KpeMa IMAPO3AiA 1.1 mpUCBAYEHO iCTOpH-
YHOMY PO3BHUTKY iA€l CHMETPUYHUX MOAIHOMIB, IOYMHAIOYM BiA KAACUYHUX
AOCAiIAKeHDb BieTa 1 HplI0TOHA 1 3aKiHUYIOYH Cy4aCHUMM MIAXOAAMHU Y TeOoPpil
iHBapiaHTiB. 3aBASIKU ITbOMY 6YAO cHOPMOBAHO KOMITAEKCHUM KOHITENTYaAb-
HUM KapKac, KA IMTOKa3ye €BOAIOIIIO IOHATD 1 METOAIB, 1[0 AATA B OCHOBY
cy4acHUX aArebpaidyHux moOyAoB. ITiapo3aia 1.2 micTuth popmanisailito
OCHOBHHX IOHATD, TYT BUKAAA€HO KAIOUOBI O3HAUEHHs, TEOPEMHU i ITIAXOAH,
sIKi POPMYIOTh CTPYKTYPY MOAAABIIUX AOCAIAHUIIBKUX KPOKIB.

ApyTuii po3aiA IpHUCBAYEHO aHaAi3y Kirenb M2, Z%2 ta Z(“;z’q).

V miapo3aiai 2.1 o6IpyHTOBAHO, 1110 Ha BiaMiHy Bia M®2, kiabie Z“2
€ obaacTIo IliaicHOCTI. TakoK AOBeAeHO GaKT icHyBaHHS IIPEACTABAEHHS
OAVHHUYHOI'O eAeMeHTa AK I[IAOL AiHIHHOI KoMOiHalil CKiIHYeHHOI KiABKOCTI
eAeMeHTIB i3 Z“2, MOAIHOMH SIKUX He MalOTh CITIABHHX HYAIB.

YV miApPO3AiAL 2.2 PO3TASIHYTO MHUTAHHSA PO3B’SI3HOCTI aArebpaidHUX
piBHAHB ¥ KiAbli M?2(K), ae K € 3aMKHEHO0 11I0AO0 MHOKEHHSI TTIAMHOKH-
HOIO KOMITAEKCHOTO AiHiIHOTO mpocTopy. [TIoka3aHo, 1110 PiBHAHHS BUTASIAY
[a] [u] = [b] MoxxyTb MaTH HecKiHYEHHY KiABKICTh pO3B’sI3KiB a60 OyTH B3a-
raAi Hepo3B’sI3HHMH 3aA€KHO Bia BAacTHBOCTeH eaeMeHTa [a]. [TokasaHo,
110 Ko [a] € M®? He € AIABHUKOM HYAS, i piBHAHHSA [a][u] = [b] mae
PO3B’s30K [u], TOAIL 1ieii PO3B’SI30K EAUHUIA.

V mipApo3AiAiL 2.3 BCcTaHOBAEHO i30Mopdiam Mixk Z*? Ta KiAblleM CKiH-
yeHHHUX PSIAIB Aipixae Dg(Z). 3ampoloHOBaHa BIATIOBIAHICTH AQ€ 3MOTY
iHTerpyBaTH y TEOPil0 MyABTUMHOKHH KAACUYHI Pe3YABTAaTH Ta METOAU AO-
CAIAKEHHS 3 Teopil psAIB Aipixae.

VY mippo3Aiai 2.4 AOCAIAKYIOTBCA CKIHUYEHHI KIABIST MYABTUMHOYKWH

w2
(p,9)’

Z*? «11o MmopyAto (p, q)». [TokasaHo, 1110 Z&)fq) € KOMYTaTUBHUM KiABIIEM 3

SIK1 YTBOPIOIOTBCS 32 AOIIOMOTOIO BIAHOIIIEHHA €KBiBaA€HTHOCTI Ha

OAMHUIIEI0. BCTaHOBAEHO, 1110 OTY?KHICTh MHOKHUHU Z&’fq) AopiBHIOE p17!,



a 'y BUNAAKy q = 2 1ie KiAblle isoMopdHe Z,. 3ampoBap’KeHO BiA0OPaKeHHs
Lipg 1 L9 — Z&’iq), sIKe € KiAbIIEBUM roMoMopdizmMomM.

V miapo3Aiai 2.5 A0CAiIAYKEHO AesIKi YMOBU OOOPOTHOCTI €AEMEHTIB Y
CKiHUEeHHHUX KiABIIAX Z?;Z,q)' 30KpeMa, AOBEAEHO, 1110 TaKe KiAblle € TTOAEM
TOAlL ¥ AMIIIE TOAL, KOAM § = 21 p € IPOCTUM YHUCAOM. BCTAaHOBAEHO HU3KY
TBEPAYKEHD ITPO 0OOPOTHICTh «TPUBiAABHUX» €AEMEHTIB Ta iCHyBaHHs HETPH-
BiaABHHUX 0OOPOTHHUX eAeMeHTiB. [Toka3aHo, sik HasABHICTh (260 BiACYTHICTb)

HIABIIOTEHTHUX €A€MEHTIB BILAMBAE HA CTPYKTYPY Z(“;zq . PosrasHyTO, fIK i3

)
CyMH 060POTHOTO eAeMeHTa m i3 HiABIIOTEHTHUM K oTpuMaTh o6epHEeHHUI.
Y3araabHeHO MaAy TeopeMy @epMa Ha KiAbIIs Z(“;fp), A€ p — TIPOCTE YHUCAO.
[TokasaHo, II[0 SKIIO0 p — IIPOCTE YKCAO, TO B Zz‘zp) HEMAa€ HEHYAbOBHUX
HIABIIOTEHTHUX €AE€MEHTIB.

Po3aia 3 mpucBsiYeHO T0OYAOBI po3IIMpeHHS KiabIla M2 3a paxyHOK
YSIBHOI OAMHHUIII, YHACAIAOK Yoro GpopMyeThesi HOBe Kiablie M®4. Po6oTa
MOTHUBYETbCSI aHAAOTIEIO 3 KiAbIIEM KOMIIAEKCHHUX YHCEA, A€ AOAABaHH
YSIBHOI YaCTHHHU AO3BOASIE iCTOTHO PO3IITHPUTH MOKAUBOCTI aAreOpaidHuX
KOHCTPYKIIiH.

V miapo3aiAi 3.1 onrcaHO BBEAEHHS «YSIBHOI» 30BHIIIIHBOI OAMHUTI 1
Ta AEMOHCTDPYETHCSI, 110 EAEMEHT [( ylx)] +7 [(tls)] MO>KHA PO3TASIAATH SIK
aHAAOT a + bi y KAQCUYHUX KOMITAEKCHHX YHCAAX. 30KpeMa, II0Ka3aHo, II10
AA Beix [2], [2'] € M@+ piBHicTs [2] = [2'] BUKOHYEThCS TOAI ¥ AHMIIIE TOA],
KoAM opHouacHo R [z] = R[z'] Ta T[z] = T[2'].

V mippo3aiai 3.2 3’acoBaHo, 1110 M»* € i3o0MOpPHUM KiABIIO MAaTPHUIIb

Mg(/\/(wz). 11 mobyaoBa y3araAbHIOE KAQCHYHUN BHUITAAOK BiAOOpasKeHHST

a b
-b a

a+ bi —

HaBeaeHO yMOBY 060poTHOCTI eaeMeHTiB M®4, 30KpemMa BUIIAAOK, KOAH

(R[2])%+(I[2])? e o60poTHEM ¥ M*2, 1110 326€311€Uye 060POTHICTH CAMOTO



[2] y M*4.

YeTBepTU PO3AIA TPUCBAYEHO y3araAbHEHHIO AOCAIAKEHHS BBEAEH-
HAM MOHATTS W,,-CUMETPUYHUX ITIOATHOMIB Ta MOOYAOBI BiATIOBIAHHX KiAbIle-
BUX CTPYKTYP MYABTHUMHOKHH, 1110 B3a€EMOIOB’I3aHi 31 CKIHUEHHUMU LUKAI-
YHUMHU I'PYIIAMHU.

YV mippo3Aial 4.1 BBOAUTBHCA OHATTSA W;,-CUMETPUYHUX ITOAIHOMIB Ha
6anaxoBux npocropax f1(Ny, ), Ae W, € TPYIOI KOPEHIB n-ro CTeleHd 3
OAMHHUII. PO3STASIHYTO cTemneHeBi MOAIHOMU Q]({n), sIK1 y3araAbHIOIOTh KAACH-
YHi CHMETPHUYHIi Ta CyllepCUMEeTPUYHi cTeneHeBi MoAiHOMHu (n = 1in = 2
BiAITOBiAHO). TToka3aHo, 1110 olepallii «CHMETPUYHOT'0 AOAABaHHsI» (@) Ta
«CHAMETPHYHOI'0 MHOKEHHsI» (©) MOKHA IIPOAOBIKUTH Ha L€k BUIIAAOK, 30Kpe-
Ma 36epirarouu Ipu IIboMy OakaHi aArebpaidHi BAACTHUBOCTi (HAIIPHUKAAA,
Q" (xoy) = 0" () 0" (1)),

[TiApO3AIA 4.2 AEMOHCTPYE, 110 TTOAIHOMU Q]({n) arst k€ N yTrBopio-
I0Th aArebpaiuynuii 6a3uc aAreOpH W,-CUMETPUYHUX MoAiHOMIB P (€1 (N, )).
[TpOIAIOCTPOBAHO 3B’130K IIOATHOMIB Q](cn) 3 BiAoMUMU 6a3ucaMy eAeMeHTap-
HUX Ta MOBHUX CUMETPUYHUX ITOATHOMIB 3a A0IIOMOTO10 GpopMmyAa HeloTOHA i
BIATIOBiAHMX TBipHUX QYHKIIH. [ToKasaHo, AK 3aCTOCYBaHHA omepaTopa Ay,
y3araAbHIOE OOYMCAEHHS Y BUIIAAKY Wy HA AOBiABHE Wy,.

V mippo3aiai 4.3 BBEAEHO i AOCAIAYKEHO KiAbIle MYABTUMHOMKHH A ®n,
ITIOPOAYKEHE W;,-CUMETPUUYHUMHU ITOAIHOMaMHU, SIK MHO>KUHY KAACiB eKBiBaAeH-
THOCTI 3a BIAHOIIIEHHSIM «PIBHOCTI 3Ha4Y€Hb YyCiX Q]({n), k € N». ITokasaHo, 110
M®n € KOMyTaTUBHUM KiABIIEM 3 OAMHHIIEIO, SIKIIO N > 2, i HaIliBKiABIIEM
AM N = 1, y AKOMY Q]((n) 3apaTh romomopodizmu Ao C.

[Tiapo3ain 4.4 IPUCBAYEHO CTPYKTYPHOMY aHAAI3y KIABIS IIAUX MYAb-
TurceA Z*" K MAKIABIE M®", Ae po3pobAaeHO MeTOAM daKTOpHU3allil
eAEeMEHTIB KiAblA Z“" i pO3TASHYTO HOTO aArebpaiuHi BAACTUBOCTI. AAS
IIPOCTOro n abo n = 4 AOBEAEHO icHyBaHHs isoMopdizmy %" 3 KiAblleM

wnZy [C™], 1110 YHAOUHIOE BiACYTHICTh AIABHHUKIB HYASI Ta MATBEPAXKYE, IO



Z %" € 06AACTIO IIIAICHOCTI.

[TsTuii po3aiA 3aBeplirye poOOTYy A€MOHCTPAIIEI0 ABOX HaNPSIMKiB
3aCTOCYBaHHsA Ta y3araAbHEHHS OTPUMAHUX PE3YABTATIB.

VY mippo3aiai 5.1 HaBeA€HO TPUKAAAM BUKOPUCTAHHSA «MYABTHYUCAO-
BOI» apUPMETHUKU AAST TTOOYAOBHU KPUNITOTPAaQidHUX CXEM, Y AKUX MyOAiUHi
Ta MPUBaTHi KAIOUi 3aAaI0ThCA OO0OPOTHUMH €AEMEHTAMH B KiABIISIX Z(“;Z’q).
[TokasaHoO, 10 CKAAAHICTb OOYHUCAEHHS 0OepHEHUX €AEMEHTIB Ta YaCTKO-
Be (MOAYABHE) 3BEACHHS KOMIIOHEHT Y ITUX KiABISIX MOKYTb MiABUIIYBATH
KPUITOCTIMKICTD MMOPIBHAHO 31 3BUYAaWHOIO apUPMETUKOIO B Zp.

Y miApoO3AiAL 5.2 PO3TAAHYTO iHILIE MOKAUBE y3araAbHEHHS CUMEeTPH-
YHUX ITIOAIHOMIB Ha BUITAAOK ITOAIHOMIB y ITIPOCTOPAX iHTETPOBHUX QYHKITIN
Ha BIAPI3KY. Y IbOMY BUIIAAKY IpyIla CUMETPil NOPOAKYETHCS BUMIPDHUMHA
aBTOMOp¢i3zMaMHU Biapi3Ka. 3ampoOIIOHOBAHUM MiAXiA AOSBOAUTH, B ITOAAAB-
IIIOMY, IIOLIIUPUTHU PE3yABTaTH, OTPUMaHIi y MOIIePEeAHIX pO3AlAax, HA KOH-
TUHYaABHHI BHUIIAAOK. Y I[bOMY ITIADO3ALAL AOBEAEHO, IO KOXKEH N-OAOYHO-
CUMETPUYHUY HellepepBHUU N-OAHOPIAHMM MOAIHOM Ha IIUX MIPOCTOPAX MO-
»Ke OyTHU IIpeACTaBAeHUH uepe3 6a3uCHi eAeMeHTH Gy n x, IPUUOMY EAUHUM
YUHOM.

KAI04O0Bi CAOBA: CHUMETPUYHI ITOAIHOMH, TBipHI QYHKIIil, aHAAITAYHI
(roromopdHi) GYHKIII, CAMETPUYHI aHAAITUYHI QYHKIIiI, TpyTa, rpyma mepe-
CTaHOBOK, KiAblle MYABTUMHOKHH, 00AACTh IiAiCHOCTI, aATeOpaiuHi 6a3KcH,
CTelleHeBi PSIAY, 301°KHICTh, BiATIOBiAHICTb, KOMOiHATOPHE AOBEAEHHS, aATO-

puTM, Kpunrorpadis.



ABSTRACT

Chopiuk Y. Y. Analysis in Rings of Multisets Generated by Algebras of
Supersymmetric Polynomials on Banach Spaces. — Qualifying scientific work
on rights of manuscript.

A Thesis for a Philosophy Doctor Degree in Mathematics, speciality
111 — Mathematics. — Vasyl Stefanyk Precarpathian National University,
Ivano-Frankivsk, 2025. — Vasyl Stefanyk Precarpathian National University,
Ivano-Frankivsk, 2025.

The dissertation is carried out within the framework of the theory of
symmetric polynomials on Banach spaces and is devoted to the study of rings
of multisets generated by algebras of supersymmetric and w,-symmetric
polynomials on Banach spaces.

The study of symmetric polynomials on Banach spaces has seen signifi-
cant development thanks to the work of many mathematicians, including A.
Nemirovskiy, S. Semenov, R. Aron, P. Galindo, A. Zagorodnyuk, I. Chernega,
T. Vasylyshyn, S. Vasylyshyn, F. Jawad, V. Kravtsiv, and others. One of the key
aspects of this research direction is the investigation of the spectral properti-
es of algebras of symmetric analytic functions and their relationship with
symmetry groups. The structure of the spectrum of the algebra of symmetric
analytic functions depends significantly on both the choice of the space and
the properties of the group or semigroup of symmetries acting on that space.
This result is particularly important as it demonstrates that for different
classes of Banach spaces there exist fundamentally different approaches to
describing symmetric analytic functions.

For the spaces €, (where 1 < p < o0), the structure of the spectrum is
considerably more complex. In this case, the symmetry group is formed by
permutations of the coordinates of vectors, which leads to an expansion of the

spectral properties of the algebras of symmetric analytic functions. As shown
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in the works of I. Chernega, P. Galindo, and A. Zagorodnyuk, the spectrum of
such spaces contains not only point evaluation functionals but also additional
structural elements that can be characterized through algebraic operations
and their properties. A. Zagorodnyuk and others have established that one
can naturally introduce the structure of a commutative semiring with unity
on the spectrum of the algebras in these spaces. Such a structure provides
new methods for analyzing symmetric polynomials, thereby broadening their
applications in functional analysis.

Within the study of Banach space properties, an important problem is
the description of the structure of kernels of quadratic functionals. T. Banakh,
A. Plichko, and A. Zagorodnyuk investigate zeros of quadratic functionals on
non-separable spaces.

An important aspect of the dissertation is the establishment of
homomorphisms and isomorphisms between the studied ring structures
and well-known classical rings. The work also aims to integrate the obtained
results into potential applications in cryptography.

The dissertation consists of an introduction, five chapters, conclusions
for each chapter, general conclusions, a list of references, and an appendix
that contains the author’s publication list and details regarding the validation
of the dissertation results.

In the introduction, the relevance of the research topic is justified
and its connection with previous research works and projects is established.
The object and subject of the study are defined, the aim and objectives are
formulated, and the research methods are outlined. In addition, the scientific
novelty, the practical value of the obtained results, and the author’s personal
contribution are highlighted. At the end, information about the publications
and the validation of the main results of the dissertation is provided.

In the first chapter, a review of the literature is conducted and the

theoretical foundations of the research are presented. In particular, Subsecti-
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on 1.1 is devoted to the historical development of the idea of symmetric
polynomials, beginning with the classical studies of Viete and Newton and
culminating in modern approaches in invariant theory. This has resulted in
a comprehensive conceptual framework that illustrates the evolution of the
concepts and methods underlying modern algebraic constructions. Subsection
1.2 contains the formalization of the basic concepts; here the key definitions,
theorems, and approaches that form the structure of subsequent research

steps are presented.

w32
(P.9°
In Subsection 2.1, it is demonstrated that, unlike M®2, the ring Z“2 is

Chapter 2 is devoted to the analysis of the rings M%2, Z®2 and Z

an integral domain. In addition, the existence of a representation of the unity
element as an integral linear combination of a finite number of elements
from Z®2 (where the corresponding polynomials have no common zeros) is
established.

Subsection 2.2 examines the solvability of polynomial equations in
the ring M“2(K), where K is a multiplicatively closed subset of a complex
vector space. It is shown that an equation of the form [a][u] = [b] may have
either infinitely many solutions or none at all, depending on the properties
of the element [a]. Moreover, it is proved that if [a] € M®2 is not a zero
divisor and the equation [a][u] = [b] has a solution [u], then that solution
is unique.

In Subsection 2.3, an isomorphism is established between Z*2 and the
ring of absolutely convergent Dirichlet series Do(Z). This correspondence
allows classical results and methods from the theory of Dirichlet series to be
integrated into the study of multisets.

Subsection 2.4 is devoted to the study of finite rings of multisets
Z(“;Z’q), which are constructed using an equivalence relation on Z“2 (“modulo
(p,q)”). It is shown that Z(“;Z’q) forms a commutative ring with unity; its cardi-

nality is determined to be p?¢™!, and in the special case ¢ = 2 the ring is
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isomorphic to Z,. A mapping () : L*? — Z(“;Z’q) is introduced, which is a
ring homomorphism.

Finally, subsection 2.5 investigates various conditions for the inverti-
bility of elements in the finite rings ZE‘;jq). In particular, it is proved that
such a ring is a field if and only if ¢ = 2 and p is a prime number. Several
results concerning the invertibility of both “trivial” and nontrivial elements
are established. The analysis shows how an inverse can be obtained from the
sum of an invertible element m and a nilpotent element k. An extension of
w2

Fermat’s little theorem to the ring Z (0.0)

and it is shown that if p is prime, then Z(“;Zp

(with p prime) is also presented,
) contains no nonzero nilpotent
elements.

Chapter 3 is devoted to the construction of an extension of the ring
M®2 by introducing an external imaginary unit, which leads to the formation
of a new ring M®+. The work is motivated by the analogy with the field of
complex numbers, where the addition of the imaginary part significantly
expands the possibilities of algebraic constructions.

In Section 3.1, the introduction of the external imaginary unit J is
described. It is shown that every element of M®“ can be represented in the
form [z] = [(y|x)] + Z [(t|s)], which is analogous to writing a complex
number in the form a + bi. In particular, it is demonstrated that two elements
[z] and [2’] in M®4 are equal if and only if both their real parts and their
imaginary parts coincide, i.e., R[z] = R[2'] and J[z] = T[Z].

In Section 3.2, it is established that the ring M®* is isomorphic to the

matrix ring M3 (M®2). This construction generalizes the classical mapping

. a b
a+bim— .

Furthermore, a condition for the invertibility of elements in M®4 is provided:

if (R[z])? + (J[2])? is invertible in M®2, then the element [z] is invertible
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in M®4.

Chapter 4 is devoted to a generalization of the study by introducing the
concept of w,-symmetric polynomials and constructing the corresponding
ring structures of multisets, which are interrelated with finite cyclic groups.

In Section 4.1, the notion of w,-symmetric polynomials on the Banach
spaces ¢1(N,, ) is introduced, where w, is the group of nth roots of uni-
ty. Power polynomials Q,En) are considered, which generalize the classical
symmetric and supersymmetric power polynomials (corresponding ton =1
and n = 2, respectively). It is shown that the operations of «symmetric
addition» (e) and «symmetric multiplication» (¢) can be extended to this
setting while preserving the desired algebraic properties (for example,
Q" (xoy) = " () " (y).

Section 4.2 demonstrates that the polynomials QI({H), for k € N, form
an algebraic basis of the algebra of w,-symmetric polynomials Ps(£1(Ny, )).
The connection between the polynomials Q,En) and the well-known bases of
elementary and complete symmetric polynomials is illustrated by means of
Newton’s formulas and the corresponding generating functions. It is shown
that the use of the operator A,, generalizes the calculations in the case of
w» to an arbitrary w,.

In Section 4.3, the ring of multisets M®» generated by the w;-
symmetric polynomials is introduced and studied as the set of equivalence
classes under the relation of equality of the values of all Q}(n) (for k € N). It
is proved that M®n is a commutative ring with unity if n > 2 and a semiring
for n = 1, in which the mappings QI((H) define homomorphisms into C.

Section 4.4 is devoted to a structural analysis of the ring of integer
multinumbers Z*" as a subring of M®". Methods for factorizing the elements
of Z® are developed and its algebraic properties are examined. For prime n
or n = 4, it is proved that there exists an isomorphism between Z*" and the

ring w,Z,[C], which illustrates the absence of zero divisors and confirms
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that Z*n is an integral domain.

Chapter 5 concludes the work by demonstrating two directions of
application and generalization of the obtained results.

In Section 5.1, examples of the use of multinumber arithmetic for the
construction of cryptographic schemes are presented, in which public and
private keys are given by invertible elements in the rings Z(“:q). It is shown
that the complexity of computing inverse elements and the partial (modular)
reduction of components in these rings can enhance cryptographic security
compared to conventional arithmetic in Z,.

In Section 5.2, another possible generalization of symmetric polynomi-
als is considered for the case of polynomials in spaces of integrable functions
on an interval. In this case, the symmetry group is generated by measurable
automorphisms of the interval. The proposed approach will, in the future,
allow the extension of the results obtained in previous chapters to the conti-
nuous case. In this section, it is proved that every n-block-symmetric conti-
nuous N-homogeneous polynomial on these spaces can be represented uni-
quely through the basis elements Gy, x.

Keywords: symmetric polynomials, generating functions, analytic
(holomorphic) functions, symmetric analytic functions, group, permutati-
on group, ring of multisets, integral domain, algebraic basis, power series,

convergence, correspondence, combinatorial proof, algorithm, cryptography.
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