AHOTAIIIA

I'pubesv O.5. Acumnrornasni orinku cym psijais ipixiae. — Ksasidika-
ifiHa HayKoBa IIpalld Ha IIpaBax PYKOINCY.

Hucepraniss Ha 3700yTTs CTyHIeHs J0KTopa diocodil 3a crermiaibHi-
crio 111 — Maremaruka (rastyss 3uanb 11 — MaremaTrka Ta CTATHCTHKA). —
[IpukapnarcbKuit HanioHabHMI yHIBepcuTeT iMeHi Bacuiist Credannka, IBaxo-
OpankiBebk, 2025. — Ilpukapnarchkuii HamionaabHul yHiBepcuTeT iMeni Ba-
cusist Credannka, IBano-OpankiBebK, 2025.

JlucepTallis CKIaIa€ThCs 31 BCTYILY, YOTUPHOX PO3JILIiB, BUCHOBKIB JI0 KO-
JKHOT'O PO3JILTY, 3araJJbHIX BUCHOBKIB, CIIMCKY BUKOPUCTAHUX JIZKEPEJT Ta J10/1a~
TKYy, gKU{l MICTUTb CHUCOK IyOJIKaIil aBTOpa Ta BIJIOMOCTI PO arpodaIiiio
pe3yIbTaTIB JucepTallil.

Y BCTymi OOIpYHTOBAHO aKTyaJbHICTH TEMH JIOCTIPKEHHs, BKa3aHO Ha
3B’5130K poOOTH 3 HAyKOBUMH IIpOI'paMaMy, IJIAaHAMK 1 TeMaM#, CPOPMYJIbo-
BaHO MeETy, 00’€KT, IIpeJIMET, 3aBJIaHHsI Ta METOJM JOC/IIJIXKEHH, 30CePeIKEHO
yBary Ha HAyKOBIil HOBU3HI OjlepKaHUX Pe3y/bTaTiB, BIJI3HAUYEHO TeOpeTUUHE
3HAUYEHHs OTPUMAHUX PE3YJIbTaTiB Ta 0COOMCTHIl BHECOK 3/100yBada, HaBe EHO
JlaHl 1010 amrpodariil Ta myoJiiKaliil pe3yabTrariB poooTH.

MeTtoto foc/ijizKeHHs € ONUC aCUMITOTUYHUX BJIACTHUBOCTEN CYyMU sy
[ipixjie B TepMinax 1ocJiigloBHOCTI iioro koedimieHTiB. O0’€KTOM JI0CIIiI2KEH-

Hs € I Ta abcosoTHO 30ixKHI y miBIonuHi psian Jlipixje 3 HeBiJl'€MHOIO

oo

3POCTAIOYOIO JI0 +00 CHCTEMOIO TMOKA3HUKIB A = ()02

OcHoBHY yBary B po0OOTi CKOHIIEHTPOBAHO Ha OTPUMAHI YMOB Ha IIOCJIi-

: . S o . .
JOBHICTB MOyJTiB KoedinienTis (|a,|)2, paay Hipixie, 3a skux s fioro cymn
BUKOHYETLCS Ta 9N 1HIIa 3arajJbHa acCUMITOTHYHA OIIIHKA 3BEPXY.

Y posmial 1 HaBeAeHO OVl JITepaTypu 3a TEeMATHKOIO JTOCJIIIYKEHHS,
IIPOBEJIEHO aHAaJIi3 BiIOMUX pPE3yJIbTATIB, 110 0E3I0CEPEIHBO CTOCYIOThCS TeMU

JiicepTallii, Ta oOIPYHTOBAHO BUOIP HAIIPSIMKIB JIOCJIII2KEHHS.



Posjit 2 mpucBsgveHo BCTaHOBJIEHHIO YMOB BUKOHAaHHS PI3HOMAHITHUX
oniHOK Jyist cymu nisoro psty ipixae F(s) = Y7 aye®. 3 1ieio meroio jyist
sajanoro psajy F TyT yBeseno nos’szanuii 3 num psist Ge(s) = Y o0\ byet, ne
¢ > 0 — dikcosane wucio, N = min{n € Ng 1 a, # 0} i b, = >\ _\ -y | |ax]
JIJ1 BCIX miymmx n > N.

Y migposaiii 2.1 goBejieHo, o MakcuMasbauii wieH p(o, G) moB’a3aHoro
psILy € BU3HAUEHUM JIjIst BCiX 0 € R 1 jlae B IeBHOMY CeHCi JI00pY allpoKCHMa-
MIHY OIMIHKY J1d cymu psjy F') a came: jyig josiibaux o > 01 e > 0 maemo

plo + ¢, Ge) ( e 0)

ecc—1 ¢

(o, Go) <M(o, F) <

65)\1\[

ne M(o, F) =520 |an|e mist koxuoro o € R.

Hexait U — nenepepsHa B 0KoJIi +00 dyHKIIsA Taka, 1m0 Y(o) /o — 400,
JAKIIO 0 — 400, U dyukmis, cupsizkera 3 W 3a FOurom, 1 — npapobiuna
noxigna Big W, h — HeCIaHa, HEICPEPBHA, HCOOMEKCHA 3BEPXY B JEAKOMY
okoJii Toukn +00 dyHkiig Taka, mo Inx < h(V(y(x))) ars Beix mpocTaTHBO
pemknx = € R, a A = lim, , o Inz/¥((z)).

Y migposaii 2.3, 30KpemMa, JI0BEeJIEHO, 10 SIKIIO JJIsl BCiX JOCTaATHBO BEJIN-
kux o € R Bukonyernses nepisuicts In p(o, G.) < V(0), TO i1t KozKHOrO € > 0
npaBuIbHI acuMirorndni crissiguoments In M (o, F) —¥(o+¢e)—Ino — —oo
iInM(o, F) < V(o) +h(V(o)+¢e)+Ino+e—Ine+ ol), axmo 0 — +o0.

[Tiposaiia 2.4 MicTUTh pe3y/IbTaTH, 10 JIal0Th HeOOXiIHI Ta JJ0CTaTHI yMO-
B Ha MOCTIOBHICTE (|a,|)e,, 3a skux s mioro psaay ipixie F' Bukony-
I0TbCs JIedKi 3araJibii acUMITOTHYHI OIMIHKKM. Hanpukiam, TyT JgoBejieHo, 1o
1Tt Toro, mob icayBasio quciao € > 0 take, mo InM(o, F) < ¥(o + ¢) + eo
JUIS BCIX JIOCTATHBO BeJIMKUX 0 € R, HeoOXiHO 1 JI0CUTh, 1100 ICHYBAJIO YHCJIO0
§ > 0 Take, mo In|by| < —U(A\, — 8) + 6(\, — &) 4151 BCIX JOCTATHBO BeJIn-
KX HEBLI€MHUX IIJINX 7, 1 IIOKA3aHO, 10 JiIs KOoXKHOro £ > 0 1 BCix jocTa-
THLO BesukuX 0 € R vu maemo InIM(o, F) < V(o + ¢€) + 0, ko 1 Jmme

AKINO JJI KOXKHOTO 0 > (0 1 BCIX JOCTATHLO BEJUKUX HEBII eMHUX IINX N
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BHKOHYETBCsL HepibHicTs In [b,| < —W(\, — 8) + 8(\, — 8). Kpium Toro, nose-
JIeHO, 110 9KIo A < +00, TO JijIst TOro, 1mob icHyBaJjo duciao ¢ > 0 Take, 1[0
InM(o, F) < q¥(0) mast Beix goctaTnbo BeJqukux o € R, #HeoOXiqHO 1 10CHTb,
106 icrysano wuco p > 0 raxe, mo In |by| < —pW(A,/p) Ans BCIX 10CTATHLO
BEJINKUX HEBIJI' €MHUX IINX N, 1 MOKa3aHo, 1Mo AKimo A = 0, To st KOyKHOTO
q > 0 1 s Beix gocrarabo Beanknx o € R mu maemo InM (o, F) < qV¥(0),
SIKITO 1 JInIe 9KIo JJid KoxkHoro p > 0 1 s BCIX JOCTATHHO BEJINKNIX He-
BiJU€MHUX HUTIX 7 BUKOHYEThCs HepiBHiCTb In |by| < —pW (A, /p).

Hexait ¥ : R — R — nosiabua dyukiis, a ¢g > 0 — jeske €ucio.
Y migposain 2.5 IoBeJAeHO, IO JJIsi TOTO, MO0 JJIsi KOXKHOI'O JHucaa g > (o
icuyBaJsia crata B € R raka, mo InM(o, F') < V(go) + B a4 Beix 0 € R,
HEOOX1THO 1 JIOCUTD, 1100 JIjIst KOXKHOI'O JHucjiaa p > (o icHyBaJja craga C' € R
Taka, 1o Inb, < —\T!()\n/ p) + C g Beix mumx n > 0 (KTJ — CIpsizKeHa 3

U 3a FOurom). 3a jomarkoBux yMoB Ha (GyHKIHO W TYyT TakoxkK BCTAHOBJIEHO

oo

n0s 38 AKNX JJI8 I1JI0r0

HeoOXiiHl Ta jocTaTHI YMOBH Ha MOCTIOBHICTE (|ay])
psiy ipixse F' icaytors gomarhi cranai ¢ ta B raki, mo In9M (o, F) < q¥(o +
B) nist Beix o € R, uu icaytors aiiicHi cradi € i B taki, mo In (o, F) < U(o+
) + B ajist Beix 0 € R, uu g koxxkuoro B > 0 icaye crana € € R taka, 110
InM(o, F) < V(o +¢)+ B s seix o € R, un 1 koxxuoro € > 0 icaye crada,
B € R raka, mo InM(o, F') < ¥(o + ¢) + B s Beix o € R. 1i pesynbrarn
ICTOTHO y3araJibHoloTh pe3yiabTaTru, orpuMani M.M. ITlepemeroro y 1999 p.,
a 3Halijlenl npy HHOMY yMOBM BUKOHAHHS IJIOOAJLHUX OIHOK 3allUCyIOThCA Y
pOCTIIIiit popmi.

Anajioru pesysbTaTiB 3 po3JLIy 2 JiIsi aOCOJIOTHO 3012KHUX Y IHBILIO-
muHl pagiB ipixsie BecTanoB/ieHo y posaun 3. Biacae, po3jin 3 mpucBadeHo
BCTAHOBJIEHHIO YMOB BUKOHAHHS 3arabHUX OIIHOK JJIsi CYMU JOBLILHOIO PsiJLy
Hipixie F(s) = Y7 ane® 3 abenucoio abcomorhoi 36ixmnocti 0,(F) > 0.
3 1i€0 MeToIo Jisi KOXKHOIO Takoro psiiay [ TyT yBemeHo HOB’si3aHi 3 HUM

pstn Fy(s) = S 00 Spet™ se S, = Yop_glag| aua Beix nimux n > 0, a



TakoK Ge(s) = S0 ybpet™ e ¢ > 0, N = min{n € Ny : a, # 0} i
b, = Z/\n_c</\k§/\n lag| st Beix wimux n > N.

Y migposaiai 3.1 goBejieHo, mo Makcumaibhi wienn (o, Fy) ta pu(o, G.)
OB’ sI3aHIX PsiJIiB € BU3HAUEHUMH JJjIsI BCiXx 0 < 0 1 JaloTh B IIEBHOMY CEHCI
100pi alpOKCUMAIHH] OIHKY Jist cyMu 3ajanoro paay F 3 o,(F) > 0, a
came: Jyist gosiabnux o > 01 e € (0, |o]) maemo

|O-|:u(0- + £, FQ)
geco

,UJ(O', Gc) S m(0_7 F) S /L(U + £, Gc) (M + 1 I 1 ) ’

p(o, Fy) < Mo, F) <

9

EEAN € e€(AL—AN) esc — 1
ne M(o, F) =52 |an|e nist koxuoro o < 0.

Hexait ¥ — nenepepsra Ha [a,0) dyukiist Taka, 1o ¥(o) — +00, SKIIO
o710, - dyukmig, ciupsizkena 3 ¥ 3a FOnrowm, 1) — npapobidna moxiiHa Bis \AI//,
h — HecnaJiHa, HellepepBHA, HEOOMEXKEHa 3BepXy B JICIKOMY OKOJII TOUKH —+00
dbyukmnisg Taka, mo Inx < A(V(y(x))) as Beix mocrarabo Besnknx © € R.

Y nigposaini 3.2, 30kpeMa, J0BeJeHO, o AKImo ¢ = lim .,  |(z)|z >
01ilnp(o, Fy) < V(o) mig Beix 0 < 0 gocratabo 6u3bKux J0 0, TO st
koxkuoro gogaraoro n < (v/g+1—1)/(v/¢+1+ 1) i nua Beix o < 0 jo-
cratHbo 63bKuX J10 0 npaBuwibHa HepishicTs In M (o, F) < W(no). dkmo x
Inu(o, H.) < V(o) ans Beix o < 0 mocraTabo 6m3bKuX 110 0, TO J17IsT KOZKHOTO
e > 0 maemo In9M(o, F) < V(o) + h(V¥(o) +€)+e—Ilne—1Inc+ o(l), axmo
o10.

[Tigpo3min 3.3 ckiagaeThbed 3 pe3yabTarTiB, MO JAI0Th YMOBHU Ha ITOCJIi-

.¢]

o0 0y 9Kl € HeOOXITHUMM Ta JOCTATHIME JJIsl TOTO, 100 J1JIsl 3a-

noBHICTE (|ay|)
nanoro psaay ipixiae F 3 0,(F) > 0 BUKOHYBaJach Ta 9d iHIA 3arajbHa
ACUMIITOTHYHA, OIIHKA. 34 JeSKUX He HAJITO OOTSKINBUX OOMEXKEeHb 3HU3Y Ha
3pocranHsi QYHKIIT 1) TYyT HaBejeHO yMoBH, 3a sgkux: icuye 0 € (0,1) rake,
o InM(o, F) < W(do) mia Beix o < 0 gocrarabo 6snsbkux jio 0, abo st

kokHoro ¢ € (0,1) i ayst Beix 0 < 0 mocrarabo 6Jn3bKEX 10 0 BUKOHYETHCS

uepisuicts In M(o, F') < ¥(do), abo icaye ¢ > 0 take, mo In M (o, F') < qV(0)



Jutst Beix 0 < 0 pocratHbo 01M3bKuX 10 0, abo j1j1s1 KoxKHOro ¢ > 1 1 jij1st Beix
o < 0 mocraribo 6m3bKHX 10 0 BuKoHYyeThes HepisHicTs In M (o, F) < gV (o).

Hexait ¥ : (—o00,0) — R — gosinbna dynxmid. Y migposain 3.4 goseme-
HO, TI10 JiJIst TOro, 1106 icayBasm crami ¢ € (0,1) i B € R raki, mo HepiBHICTS
InM(o, F) < ¥(qo)+ B Buxonyerses 1yist Beix o < 0, HeobXiHo i 10cnTb, 1mob
icayBasm crasip € (0,1)1 C € R raki, mo In S,, < —\TJ(An/p)+C IS KOZKHOT'O
isioro n > 0. Kpim Toro, Bkazano neodxinni Ta jgocrarai ymosu Ha (S,)0, (a
Tomy it Ha (|a,|)0,), 3a axux s koxkuoro ¢ € (0,1) icuye crana B € R (un
1ist KoxkHOro B > 0 icaye crana g € (0, 1)) Taka, mo In9M(o, F) < ¥(qo) + B
g Beix o < 0.

VY 3aKJIIOUHOMY PO3/1iji 4 PO3IVISIHYTO JlesiKi BIIKPHUTI 3a/1a4i, 0B s13aH] 3
BiIHOCHUM 3pocTanigaM paay Jlipixsie i fioro MaKCnMaJIbHOTO dJIeHA.

Hexait p > 1, A = (\,)5%, — HeBig'emMHa 3pocTaida /10 +00 MOC/II0B-
wicth, C(1) = 400 i C(p) = p/(p — 1) miaa xoxuoro p > 1. YV 2003 pormi [1.B.
@iyeuu i M.M. [llepemera 3Halinm HEOOXIJHI Ta JOCTATHI YMOBH Ha, IIOCJI1I0B-
HiCTb KOoeilieHTIB J0BlLILHOIO 1ijoro pany ipixie F', 3a skux jorapudm ioro
MakcuMaJIbHOTO wieHa In p(o, F') € mpaBujibHO 3MIHHOIO (DYHKIEO MOPSIIKY P,
a TaKoyK JOBeJH, o yMosa lim, . Inlnn/In ), < C(p) e mocrarnboo s
TOro, 100 JJIsT KOXKHOrO Iij10ro psiay Jlipixie F' 31 3aJJaHOI0 CHCTEMOIO ITOKa-
3HHUKIB A Jiorapudm ioro cympemymy moayist In M (o, F) i dyukiis In pu(o, F)
Oyl OJIHOYACHO TPABUJILHO 3MIHHUMK (DYHKIIiS MTOPsaKy p. HeobOxigHicTh Ha-
BeJIEHOI yMOBU OOI'pyHTOBaHO y Tijpo3aiii 4.1. binabmie Toro, TyT j10BejeHO,
mo AKIo lim,, o Inlnn/In )\, > C(p), To MOXKHa BKa3aTn IPABIILHO 3MiHHY
nopsiJIKy p dyHkIio $ raky, mo st J0BUILHOT 10aTHOI Ha [a, +00) dyHKIIil
[ icaye miynmit payg Hipixse F' 31 3aJ1aHOI0 CHCTEMOIO ITOKA3HUKIB A, JJIsI SIKOT'O
In (o, F) ~ ®(0), aximo 0 — 400, 1 M(o, F') > (o) nis Beix o > oy.

Hexait A € (—00, +00], @ — HernepepBHa 3pocTarota J10 +00 Ha [Tg, +00)
dbyukiis, § — HenepepsHa Ha [a, A) dyHKiis Taka, mo [(0) — +00, AKIIO

SA

o T A Y nigposui 4.2 jyuist pay Hipixie F(s) = >0 aye® 3 abeuucoro



iCHyBaHHs MaKCUMAJLHOTO wieHa o.(F) > A smaiineno dopmysy tumy Korri-

Anamapa st obUMC/IeHHsT y3araJabHEeHOro TOPsJIKY Jorapudma foro Makcu-

MasibHoro wiena Ry o(F) = @a(max{xo, Inu(o, F)})/5(0) 3a nocinosHi-
crio (|ay|)0,: axmo A < +o0, To

R} 3F) = sup lim a () :
neh 1= g <Z_Z + 5L n L)

|an|

Jie sup 6epeThest 3a BCIMa 3pOCTAIOINMI JI0 400 MOCTIIOBHOCTSIMI 1) = (1),)5% ;
151 popMyJIa MpaBUIbHA TAKOXK 1y Bunajiky A = +o0o, gxmio Tiibkn psj F e
3BOJINTHCA JI0 €KCIOHEHIIIITHOrO MOJIIHOMA.

JlociizKeHHs1 3pocTaHHs adCOJIIOTHO 3012KHUX Y IIBILIOMKHI psijiiB Jlipi-
XJie B TepMiHax MO(IiKOBAHIX (30KpeMa, y3araJbHEHNX ) TTOPSIIKIB TPOBEICHO
y migiposii 4.3. Hexaii o — HernepepBHa 3pocTtaroda j10 400 Ha [xg, +00) DyH-
Kiiist, § — wenepepsra Ha [b, 0) dyHkuisg Taka, mo f(0) — +00, skio o T A, a
v — nojaTHa HerepepBHa Ha [c, 0) dyukuis. g pamy Hipixie F 3 0,(F) >0
noknagemo Ry p-(F) = limyo a(max{zg,v(c)In M (o, F)})/B(0) 1 nexait
R, 5. (F) = lim, 1o a(max{xg, (o) In (o, F)})/B(0). 3a nomatkosux, ate 3a-
raJbHIX IIPHUITYIIEHD 1010 GYHKII TOpiBHAHHSA v, B 17y 3HAllIeHO HeOOXiIHi Ta
JIOCTATHI YMOBH Ha HOCIIOBHICTE A = (An )52y, 3a AKkuX Ry 54 (F) = R, 5 (F)

J11st KozkHOTO sty dipixute Burysy F(s) = > 7 ane* 3 0,(F) > 0, a Takox

*

o6, (F) uepes nocijios-

BCTAHOBJICHO (POPMYJIH I OOUMCJICHHS BeJIUInHU

HieTb (|an])r,.

Kirogosi cioBa: dyHKIs, cupsizkeHa 3a FOHrom ¢yHKIisI, aHaiTHaHa
pyHKIisg, moginoM, psji, creneneBuil psi, panx lipixie, MakcuMaJ bHUN JI€eH,
HEeHTpaJbHUI 1HIEKC, MAKCUMYM MOJIYJIsI, CYIIPEMYM MOJIYJIs, adbciuca abcoIio-
THOI 30i’KHOCTI, abciyca icHyBaHHS MAaKCUMAJILHOTO YjIeHa, y3araJbHeHuil 1mo-

PAIOK, allPOKCUMAITis.



ANNOTATION

Hrybel O.B. Asymptotic estimates of sums of Dirichlet series. — Quali-
fying scientific work on rights of manuscript.

A Thesis for a Philosophy Doctor Degree in Mathematics, speciality 111 —
Mathematics (field of knowledge 11 — Mathematics and statistics). — Vasyl
Stefanyk Precarpathian National University, Ivano-Frankivsk, 2025. — Vasyl
Stefanyk Precarpathian National University, Ivano-Frankivsk, 2025.

The dissertation consists of an abstract, introduction, four sections,
conclusions for each section and general conclusions, bibliography, and an
appendix that contains the list of the author’s publications and information
on the approval of the dissertation’s results.

The introduction justifies the relevance of the research topic, highlights
the connection of the work with scientific programs, plans, and topics, and
formulates the aim, object, subject, tasks, and research methods. It emphasises
the scientific novelty of the obtained results, notes the theoretical significance of
the results, and outlines the author’s contribution. Additionally, the introducti-
on provides information on the approval and publication of the results.

The research aims to describe the asymptotic properties of the sum of a
Dirichlet series in terms of the sequence of its coefficients. The object of study
is an entire and absolutely convergent Dirichlet series in the half-plane with a
non-negative increasing to 400 system of exponents A = (\,)22,.

The main focus of the work is on obtaining conditions for the sequence of
the moduli of the coeflicients (|a,|):2, of a Dirichlet series, under which certain
general upper asymptotic estimates for its sum hold.

Section 1 provides a review of the literature on the research topic, presents
an analysis of well-known results related to the topic of the dissertation, and
justifies the choice of research directions.

Section 2 focuses on establishing conditions under which various estimates



hold for the sum of the entire Dirichlet series F(s) = > 7, aye*. To this end,
for a given series F, the associated series G.(s) = > o7 bye*™ is introduced,
where ¢ > 0 is a fixed constant, N = min{n € Ny : a, # 0}, and b, =
> n.<xn<n i lai] for all integers n > N,

In subsection 2.1, it is proven that the maximal term u(o,G.) of the
associated series is defined for all ¢ € R and provides, in a certain sense, a
good approximative estimate for the sum of the series F'. Specifically, for any

o > 0 and € > 0, the following inequality holds:

i, G.) < Mo, F) < M2 G ( e +§> ,
65

65)\1\[

where M(o, F) = > |an|e™ for each o € R.

Let ¥ be a continuous function in the neighborhood of +o0o such that
U(o)/o — 400 as 0 — 400, U be the Jung-conjugate function of W, v
be the right-hand derivative of \TJ, and h be a non-decreasing, continuous,
unbounded function from above in some neighborhood of the point +o00 such
that Inz < A(U(Y(x))) for all sufficiently large x € R. Finally, define
A =Tim, s o Inz/¥((z)).

In subsection 2.3, it is shown that if the inequality In p(o, G.) < ¥(0)
holds for all sufficiently large ¢ € R, then for every ¢ > 0, the followi-
ng asymptotic estimates hold: In9M(o, F') — ¥(o0 + ) — Ino — —oo and
InM(o, F) < V(o) +h(¥(o)+e)+Inoc+e—1Ine+o(1) as 0 — +o0.

Subsection 2.4 provides necessary and sufficient conditions on the
sequence (|a,|)>%, under which certain general asymptotic estimates for the
entire Dirichlet series F' hold. For example, it is shown that there exists € > 0
such that In9M(o, F') < V(o +¢€)+¢eo for all sufficiently large o € R if and only
if there exists 8 > 0 such that In |b,| < —W(A, —38)+8(\, — ) for all sufficiently
large non-negative integers n. It is further established that, for every € > 0 and
all sufficiently large o € R, the inequality In (o, F') < ¥(o + €) + €0 holds

if and only if, for every ¢ > 0 and all sufficiently large non-negative integers n,
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the inequality In|b,| < —U(\, — 8) 4+ 6(A, — 0) is satisfied. In addition, it is
proven that if A < 400, then there exists ¢ > 0 such that In9 (o, F) < q¥ (o)
for all sufficiently large ¢ € R if and only if there exists p > 0 such that
In |b,| < —p\ff()\n /p) for all sufficiently large non-negative integers n. Finally,
it is shown that if A = 0, then for every ¢ > 0 and all sufficiently large o € R,
the inequality In 9 (o, F') < ¢V (o) holds if and only if, for every p > 0 and all
sufficiently large non-negative integers n, the inequality In |b,| < —p\TJ()\n /D)
is satisfied.

Let ¥ : R — R be an arbitrary function, and let ¢y > 0 be a fixed
number. In subsection 2.5, it is proven that for every ¢ > qg, there exists a
constant B € R such that InM (o, F') < ¥(go)+ B for all ¢ € R, if and only if
for every p > qp, there exists a constant C' € R such that In b, < —\Tf()\n/p) +C
for all n > 0, where U denotes the Young conjugate of W. Under additional

assumptions on W, it is also established necessary and sufficient conditions on

oo

> o, under which for the entire Dirichlet series F' there exist

the sequence (|ay|)
positive constants ¢ and B such that In9(c, F) < qV (o + B) for all 0 € R,
or there exist real constants ¢ and B such that In9M(o, F) < V(o +¢) + B
for all o € R, or for every B > 0 there exists a constant ¢ € R such that
InM(o, F) < U(o+¢)+ B forall 0 € R, or for every € > 0 there exists B € R
such that In M (o, F) < W(o +¢) + B for all 0 € R. These results significantly
generalise those obtained by M. M. Sheremeta in 1999, while the conditions for
the validity of global estimates are written in a simplified form.

Analogues of the results from section 2 for Dirichlet series that are
absolutely convergent in a half-plane are established in section 3. In parti-
cular, it derives conditions under which general estimates hold for the sum
of an arbitrary Dirichlet series F/(s) = > > ane® with abscissa of absolute
convergence o,(F) > 0. To this end, for each such series F' two associated seri-
es are introduced: Fy(s) = Y 07 S e, where S, = >"1_, |ax| for all integers

n >0, and G.(s) = >0\ bpe?*, where ¢ > 0, N = min{n € Ny : a,, # 0},
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and b, = Y, .y <y lax| for all integers n > N.

In subsection 3.1, it is proven that the maximal terms (o, Fy) and
p(o, G.) of the associated series are well defined for all ¢ < 0, and they provide,
in a certain sense, accurate approximations for the sum of the Dirichlet series
F with o,(F) > 0. Specifically, for any ¢ > 0 and ¢ € (0, |o|), the following
inequalities hold:

|O-|:u(0- + £, FQ)
geco

,UJ(O', Gc) S m(0_7 F) S /L(U + £, Gc) (M + 1 I 1 ) ’

p(o, Fy) < Mo, F) <

9

EEAN € e€(AL—AN) esc — 1
where M (0, F) = > |ay|e for every o < 0.

Let W be a continuous function on the interval [a,0) such that (o) —
+o00 as 0 17 0. Let U denote the Young conjugate of W, and let ) be the right-
hand derivative of . Finally, let A be a nondecreasing, continuous function
that is unbounded above in some neighbourhood of +00, and assume that the
inequality Inz < h(U(¢(z))) holds for all sufficiently large x € R.

In subsection 3.2, it is shown, in particular, that if ¢ :=
lim, ., o |¥(x)|z >0 and Inp(o, F) < ¥(o) for all o < 0 sufficiently close to
0, then for every positive n < (v/g+1—1)/(v/g+1+ 1) and for all ¢ < 0
sufficiently close to 0, the inequality In 9t (o, F') < W(no) holds. Moreover, if
Inu(o, H.) < (o) for all o < 0 sufficiently close to 0, then for each ¢ > 0 we
have InM (o, F') < V(o) + h(¥(o) +e) +e —Ine—Inc+o(1) as o 1 0.

Subsection 3.3 provides conditions on the sequence (|a,|)2%, that are
necessary and sufficient for a given Dirichlet series F' with o,(F) > 0 to sati-
sfy some general asymptotic estimates. Assuming certain lower bounds on the
growth of the function 1, conditions are established that ensure that there exi-
sts 6 € (0,1) such that In9M(o, F) < ¥(do) for all ¢ < 0 sufficiently close to
0, or for each 6 € (0,1) and for all ¢ < 0 sufficiently close to 0 the inequality
InM(o, F') < ¥(do) holds, or there exists ¢ > 0 such that In M (o, F) < q¥(o)

for all o < 0 sufficiently close to 0, or for each ¢ > 1 and for all ¢ < 0 sufficiently
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close to 0 the inequality In9% (o, F') < qW¥ (o) holds.

Let U : (—00,0) — R be an arbitrary function. In subsection 3.4 it is
proven that there exist constants ¢ € (0,1) and B € R such that the inequality
In9M(o, F) < ¥(qo)+ B holds for all 0 < 0, if and only if there exist constants
p € (0,1) and C' € R such that InS, < —U(\,/p) + C for every integer
n > 0. Moreover, necessary and sufficient conditions are provided on (5,)2%,
(and therefore on (|a,|)s,) under which, for each ¢ € (0,1), there exists a
constant B € R (or for each B > 0, there exists a constant ¢ € (0,1)) such
that In9M(o, F) < ¥(go) + B for all o < 0.

Finally, in section 4, some open problems related to the relative growth
of the Dirichlet series and its maximal term are considered.

Let p > 1, A = (A\,)72, be a non-negative sequence increasing to 400,
C(1) = 400 and C(p) = p/(p — 1) for each p > 1. In 2003, P.V. Filevych
and M.M. Sheremeta established necessary and sufficient conditions on the
sequence of coefficients of an arbitrary entire Dirichlet series F' under which
the logarithm of its maximal term, In u(o, F'), is a regularly varying function
of order p. It is also proven that the condition lim,_,o Inlnn/In )\, < C(p) is
sufficient for the logarithm of the supremum of the modulus, In M (o, F'), and
the function In (o, F') to be simultaneously regularly varying functions of order
p for every Dirichlet series F' with a given exponent system A. The necessity
of the condition is substantiated in subsection 4.1. Moreover, it is proven that
if lim,, o InInn/In A, > C(p), then there exists a regularly varying function
of order p, denoted by ®, such that for any positive function [ defined on
[a, +00), there exists a Dirichlet series F' with a given exponent system A for
which In (o, F) ~ ®(0) as 0 — +o0, and M (o, F') > I(o) for all o > oy.

Let A € (—o00, 4], @ be a continuous function increasing to 4+o0o on
(9, +00), and f be a continuous function on [a, A) such that (o) — +o0 as
o 1 A. In subsection 4.2, for the Dirichlet series F(s) = > > ane® with the

abscissa of the existence of the maximal term o.(F) > A, a Cauchy-Hadamard-
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type formula is found to calculate the generalised order of the logarithm of its
maximal term: R ;(F) = %a(ma}({xo,ln p(o, F)})/B(o) for the sequence
(lan])2,. If A < 400, then

Ry ,F) = sup T — )
neh 1= g (Z_Z + 5L L)

|an|

where the supremum is taken over all sequences n = (1,)22, increasing to +oo.
This formula is also correct for A = +o00, unless the series F' reduces to an
exponential polynomial.

The study of the growth of absolutely convergent Dirichlet series in the
half-plane in terms of modified (in particular, generalised) orders is carried
out in subsection 4.3. Let a be a continuous function increasing to +oo on
[, +00), 8 be a continuous function on [b, 0) such that 5(c) — +oo as o T A,
and 7 be a positive continuous function on [¢, 0). For the Dirichlet series F' wi-
th 0,(F) > 0, we put Ry~ (F) = limys a(max{zg, y(c)In M(o, F)})/B(0),
and let R 5 (F) = lim,+o a(max{zg,v(c) In (o, F)})/B(c). Under additi-

onal general assumptions on the comparison functions «, § and 7, necessary

and sufficient conditions are found on the sequence A = (\,)5%,, under which

n=0>
Rup,(F) = R, 5 (F) for each Dirichlet series of the form F'(s) = > " apetn
with o,(F") > 0. Furthermore, formulas are established for calculating the value

o5, () using the sequence (|an|)pZy.

Keywords: function, Young conjugate function, analytic function,
polynomial, series, power series, Dirichlet series, maximal term, central index,
maximum modulus, supremum modulus, abscissa of absolute convergence,
abscissa of the existence of the maximal term, generalized order, approximati-

on.
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